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F .  ~~~~~~~~~~~~~~~~~~~~~~~ -: 3 :  Anstmct
A necessary and sufficient condition for the stabilizebiity of scmigroup S which
are siipflaj~ to contractic,ns is given in terr.s of the appro>~ij rate controllability
of the inf inite dimensional sy~ tcm ~ = Ax + Eu.

1. ThTRODUCTIO:4 AND P INIW~RY a ~~~mded linear opexetor K nil ng H 1- :a H1 such
C1. RESULTS 

that the feedba k syste : = ( A + ) - .-i iii ari
Let H and 11. be }iilL’ert spaces. Let A be the a ;nptoticilh] y steLle (ii’. r~ ~~~i) ~‘-i~~~~~~c~i, fc.~
infinitesin~al generator of a C0 (strongly any initild condition?
continuous) sernigroup T(t) over L. Let Z(t ) 

For finite din~nsional linear .il inrJi ~~~~~~~;~~~ L2 f ( 0 ,t ) ;H~j ) be the space of weakly xo~asurub1e 
~~rli.-sn (11] has s!~~xn th i~t (~~,E’) is st~~ ii~ :~~ -~~ if

H1—valued functions u C . )  sush that J0~ Iu ( o ) f l  do<~=. and only if the unst. blo flodes ~r ii) Then , for any t1, t 2 such that t1 < t2 . 2(t 1
) 

~ ~ ctennionF; of t~ i~ ob~v.? co i~~t o n  to ~r~::~~ c

~ Z(t 2 ) . Let = 2 (t ) .  Let B be a linear dimension have recently b~ en stu! od b; ~~~~
~~~~~ “~~~ bounded operator ~~~~‘~ng H~ into 11• Then , ~~~. )c~o.~ authors ( [7] , [1.] , [12], r 13]) . Cn~ of ‘J’• r a :

that [~, ~~~ 20~.— 2O5] , for any u ( .)  in 2 , the difficulties a ; j a r ~ nfl y arises from tli~ f~~it
abstr . evolution equation in infinite di~: : i ~ ie~~d ~~~~~~~~~~~~ —t:~ i .~

= A~c + Bu j t P o~~~ can be d e f  ~~~~~~ C ~~~~ r .~ iy~ th~
r~otions of s t ab i l i ty ,  st ~‘lI ‘i~~ii~ y andx(0) x given in H~ . -0 controllability c i ; ~ t’~’ e : . ~~ . ! .  LI VJ ~~~~u:

interpreted as
We begin with ~cl:e ( 1 !~~iJiVy ~ P (A~ ) and a.e. in t ,

~j -  (x(t ) ,y) (x(t), Acy) + (Bu(t ) ,y) 
(1 2) 

I)e f in i t ion ~; 1.]
x(0) x0 given in 11 (1) A C ~~ei~~~~ 1 ( t)  cv~r H

vz c H , ( x( t) ,z) -
~ (x0,z) as t ~ 0+ 

. Unifoi~d y ‘~~~~~ i~ ~~T ( t ) j j  ‘ Cas t + 4 ~
has a unique solution given by (U. S.)
x (t) T (t )  + f T(t-a)Bu(a)de (1.3) 

• Strong ly stable if Vx € H , I T ( t ) x I  I - 0  as
Furthenaore, this ~oluti.on (often called “mild” ~ + (5.5.)
solution in the literat ure ) is strongly ~ontinuou.., 

~~ ~~~~~~~~~~~~ 1f ~~~~ € ~~ , T ( t ) x  — 0 (w~~iki y)
as easily secn. The stabiizab il~ ty pni~b1en i 

.~~~ ~ + (~~.S.)
Under which conditions on A and B , does there exist:

1i~eseazch supported in pa.x’t under Gran t ~o. i3—2 ’~g 2 A ~~1 icd Ha th iiivi~~ion , I.R~~~, U~ \F

I he t i . S .  ( ;overnmer i t is auth orized to
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(ii.) ‘Il ie system (1.1) , or e~j iva1entl y ,  the v ii’ C(resp. C 1) is called the (:Qproxieutely)

(A ,B) is uniforiray, strongly, or w e L’-dy contru ll tble (re :;p. uncontrollable) OUb I piICe.

stabil izab le, if the re existS a bounded operuf . .: K Proof:
napping H into I i . ,  such that A + BK gencrates a

uniformly , stro ngly or weakly stab le st;: group 5(t ) , ~~° P~~ 207—2 10]

respectively. Slesrod [7 , Theorem 3. 5] has shown that if A

In~~~diate relat ions follow from th€ .~~ definitio: is. 
genera tes a C0 contracti on nemigrcup T(t) over a

We will state sane of them with out proof : 
hh j~~~~’~ srece H and B is a linear bounded t rens-

•T(t) is uniformly stab le if and only if there exist f0t~~ti0i1 iiupp ing a Hh1ber~t space H~ into H , the

an M ) 1 arid w > 0 such that Vt T(~) i i  < ~.~ —ut seinigroup generated by A — BE~ is weakly stable

• For a proof , see [4]. This is why the uniform provided

stability is often called uniforr~ expsnentinl 
(i) A has a conc~act resolvent (note that for sore

stability or simply exoon-’ntial stab ility . 
— reason this condition is stated in tess’s of A~’ in

.If dim H < co , (U .S . )  <=> (S.S.)  < r > (U .S.)  [7] , although of course the t~o are equivalent)

•In general, we only have 
(ii) (A ,B) is (appr exiru tely) con t rollable.

(U.S . )  => (S.S .)  => (U. S.) In his proo f , he uses the “LaSalle invariance

As far as controllability is concerned , the number princi ple” . We shall show (Theo rem 4.1) that the

of non-equivalent defin it ions found in the assumption Ci ) is supe rfluous (an d in fact is

litera ture is much lar ger and not useful for this sufficient to yield strong stability ) and (ii) can

paper ’s results. An excellent classification of be weakened to (iii) the weekly unstable stat es

these rc’ticns can be found in I)olecki [5]. We shall are (app roximately) eontroll -J ,le, which ac~uelly

need only the notion of long tc~r.i aopro;-:iir~te turn s out to be a necessary condit ion . Moreover ,

reachL1lit~ ci’ ti~~~secoiic~ cr~i-~r , in Dalocki’s our techni ques are sisq ler and more directly

texriino logy , coscanly known as (asnroxin -ate) semigroup theo retic , relying on a fundasei’tal

~~r.tro1labilitv, as follows : dcoonposition of cont ra ction somigrou~s , based on

Daf~~~t isn 1.2 
results of Sz. Uegy — b ias [

~
] and S. i: . Foguci

___________— 
[ 6] .  Furtherriore, we shal l show that th~s rerult

Consider the sys iem (1.1) , where A generates a C0 applies not only to contra ction se igroups but to
seni~noup T(~ ) over a Hilbes’t sjx~ce II and B is a the wider class of seinigroups which arc similar to
linear be~~~ cd operator mapping anothcr Hu bert contractions.
space H. into H. The set C of x in B , for which

2 CANO1~ICAL IT(~3”nCSIT 1O’t FCR
given any c > 0 , there exist a t > 0 arid u ( )  in ‘

L2 ( ( 0 ,t ) ;  H1
) such that ~~NTW~C~IO~ S~ {tGi~OUF3

l i x _f t T(t — ci) Bu(ci)daul < (1.4) One of the ra in difficulties in the stuii of the

is calle~ the set of (asprexira tely) controllable asymptot ic behavior of infinite dirensional

sta tes. I f C H , th c syat~:~ i s a >ro x ij~ iteh’ systens is that the spectxim~ of the infi itesiral

_____ 
S - c  L i ] .  generat or A gives little inforsu tion on thc

lpiic. 1 .] :  growth of the semigroup genera ted , as opposed to

the finite dimensional case . Therefore the notions
With the above nota t ion~~, C is a closed subsjxice en’l of stabl e and unstable state s , easily defined in
can be cheiraotcr .ized t i  terms of eigcnsubsp aces , in the finite diaensionaJ.

c = i~~~riT~)di ( 1.5) case , are in general, isspcssible to d~ter~d.ne in

It follow: ~~~~~~~ 

infinite dimeri1~ions . L ’ ~~ver , for contraction

~ (B~~~ (~~)]. ( 1.6) SeJfligroUps (and scmigrcups which are sL-nilar to

t>0 contractio ns) , it is possil~1e to overcc;:ss this
where ~4 ( . )  denotes the nu 1l-n~uce .

2
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difficulty, by means of additio na l conside rations , T ( t )x  b 0 and T~’( t )x  -. 0 , as t + + 
~~ .

as we shall see. The rain tool is a canonical

decornpss ition of contr action semigroup s, based on

results of Sz. Na~~’ — boles [91 rind Foguel ~~ 
The proof is based on two decomposition results:

After sore definitions and notations , we will state H H
~

(T) ® Henu
(T) (Sz. N,ic,— Foias , [8))

the theorem. 
H = W ( T) 0 W(T ) 1 (!‘og~sl) , [6))

For a detailed proof , see Lenchinol , [3].
tki finition 2.1: . .

The above theorem motivates the following definition :

Let H be a Hu bert space , and V be a bounded Dsfinition 2. :~~
operator in H. We say that a subspace 1< reduces V

if and only if 
Let T(t ) be a C0 contraction semigPoup over a

VK c K and V~K c K (2.1) Hilbert space H. With the notation of Dif. 2.3 ,
— W(T )

1 W(T~)1 is called the weakly unstable sub—
I~ finition 2.2: 

1
~~~~~ and elements of i~(T) are called the weakly

A bounded operator V in H is unstable states.

(i) Unitary if 3. STUDY OF SEMIGRO(JI’S WEta-~ ~l?E
v~v = vva i SIMILAR TO CO~TPACIIONS

(ii ) Corsoletely non unitary (e.n.u. ) if there exists

no subspace other than CD ) reducing V to a unitary 
We recall that two bounded operators C1 and C2 are

operator. 
similar if there exists a bounded operator Q, with

bounded inverae ~~ such that = Q C~Q . So,
Reirark: . . .
______ if the seiragroup T(t ) is sis-.ilar to the contraction

It follows frem (2.1) that both K and K1 reduce V T1(t) , than there exists a P such that T1
(t)

and V~ . Pr (t )P ~~ , and 11T 1
( t ) H  ~ 1.

Defi’~iticn 2.3 : Remark 3.1:

Let T Ct) be a C0 unifosrly bounded semigroup over a We can always assirne witi ‘out loss of generali ty

Hu bert space H. The closed subspace W(T) = that P is self adjoint pcsitive definite. Indeed ,

Cx c H , T(t )x — 0 (weakly) as t -‘ + ~o) is called if there exists a Q such that T2
(t )  QT(t )Q~~ ,

the weakly stable subspace of H. such that 11T 2 (t ) Il ~ 1, then

Theorem 2 .1: v ! i ~ r (t ) Q ’x t I  ~ iI x l l < > V y,~~QT(t )y~~ .~. IIQY II
______— < >  Vy JIQT (t)y 11 2 < IlQy II 2
let T(t) be a C0 contraction semigrüup over a <:> Vy, (Q*QT(t) y, T(t )y) < (QaQy,y)
Hilber’t space H. Then H can be deccmpased into < >  yy il (Q *Q )

l/2T(t)y11
2 I

three orthogonal subspaces Henu(T)
~ 

W
~
(T) and W(T) ’, If we take P (Q”~Q)~

”2 , then
all reducing T(t) and Ta (t) such that: vy, I t v r ( t ) y I  1 2 

~IQT(t)y~I 2 
~~. i I ~’Il ~ U~4l 2

H~~~
(T) 0 W,~(T) W(T) , with the above notation. > vx ,tIPT(t )i~~xU < l i x !  I

W
~
(T) ® W(T) 1 : H0

(T) where , ..> IIPT (t)P ’iI < 1 Qj:.D.
C i) fl (T) H (T~) is the largest subspace of 

—

Remark 3.2:
H, reducing T(t) to a unitary group, and

cram be characterized as A semigroup T(t) is similar to a contraction

HUCT) = ~1?3, where K
~
(T) 11 (T) n 1)(A). seniigroup if arid only if , there exists in H , a

(ii) W (T) W(T*) new inner product ~~~~~ inducing a new norm

(iii) .On 1 (T), T(t) is completely non— 
~~~~~~~~~~ ~~~~~~~~~ 

equivalent to the original ens ,

unit ary and weakly stable. such that I I T ( t ) 11 1 < 1.

•On W
~
(T)

~ 
T(t) is unitary and weakly stable. This condition follows ijiedt~~’1y from the above

0n W (T) ’, T(t ) is unita ry and Yx € W (T)’, renurk , in view of t he fact that two inner products

3



arid (.,.) induce e ivriltnt to;~~1o~ Lei in a W(T’~) 1 it. the weakly unstab le subcpace.

h u b e r t  space if and only if there exi~ t n a self 
~~. NECESSARY AND SUFFICII24T COqD1~ lO:;

adjoint positive definite operator P such thi’it FOR WEAK STABI!2ABILI I? OF
x~ y c H [x ,y]1 

= (l~x ,F~ ) SEMI GROUPS WHICh ! APE Slt IILAR TO
So, a semigroup which is similar to a contr action , CONTR\CTIOUS:
is act ually a contraction s~eaigr-oup expressed in

In order to prove the ra in theorem of this 5eCti~ :i ,
anoth er basis , and the criange of basis is y = Px ,

we need some perturbation lenru s:
where P is self adjoint positive definite. .jnce

the topolo gical propert ion are left invariant by Lerru t1 .1:

such a P , it secco natural to define the weakl y Let A be the infinitesimal operator of a C0 semi-
stable and unstable subspaces us follows : g~oup T(t) in a Hu bert spac e H , and D be a

Definition 3.1: bounded operator in H. Then A + D generates a C0

If T (t )  = Hf (t) 1’~~ , where I IT (t ) i i  < 1 and P ~~ 
seniigroup S(t ) in H. flArthersore ,

I — (i) If A arid D are self adjoint, so is S(t ) , for
self adjoint positive de~ irute,
P(W(T )) is called the weakly stable subsp~ce of any t > 0.

T( t) , P(W(T )1)is called the weakly unstable 
(ii) If A and D are dissipative , S(t ) is a

- contraction senagroup.
subspace of T(t ) .

(iii)If A h~is a compact resolvent , so does A + D.
Theorem 3.1: (iv)If T(t ) is compact , for any t > 0 , s~ is S(t ) .

The above definition wakes sense , i . e . ,  is

indeper~ ent of the similarity operator P.
See [1, pp. 220— 22 5]

Furtnerwore ,
j P ( W ( T 1)) W(T) 

~~~~~
P(W(T ) 1) = W(Ta) 1 

—

1 Let K be any bounded operator mapping a Hu bert

space H~ into H. Let S(t ) denote the sacigroup

i) P(~.(T~)) P(y c H; T1(t )y — 0 as t + ~‘~~) genera ted by A + BK. Then vt > 0 , B~Ta (t )x 0

{x c H ; T1
(t )P ~~x - ~~0 a s t -. + °’} ~~~and only if v t > O , B~S~ (t )x 0. (The

c H F’T1(t ) ?~~x — 0 as t -
~ + ~~ (approx imately ) cont rollable subspice of (A ,B) -

€ H; T(t )x — 0 as t + + o~) W(T) coincides with the one of (A + BK , B)) .
— i —l

11) P ( kC ~~) ) = { xc  II ; (P x ,z) = 0 , z € W(T1
)) Proof:

= Cx c II; (x ,P~~z) = 0, -z e w(T )}, 
—

—l . 
1 Follows iiimediate ly from the ident ities

since P is self adpaint t

.~. ~~~~~~~~~ 

T~ ( t )x +f T~ (t — a)K aB~S~ (o)x da(l~.l)

= [P Cy € H ; T~ (t )y 0 as t • +ooj ) tTa(t )x Sa (t )x — f  Sa(t — o) K~B0Ta(o)xde(4.2)since W(T1
) W(T~) 0

Cx € 1!; T~(t )Px — a as t + ~~ ~~~~~~~~~ ‘~.1~:

Cx € H; P~~T~ (t)Px 0 as t + ‘°~ Let A be the infinitesimal generator of a C0
Q.E.D. SemigxOUp T (t )  in a H~1be r’t space H. Asst.mi that

Therefore , we have at our disposal an intrinsic T(t) is similar to c~,n t : -~~ tion :;c:rd group. Let
definition as an alternative to Def. 3.1: B be a bounded opera tor 1aç~~irig anotli r filber t

Def inition 3.2:  S~ dCC hI ~ into H. Th .-n , t im system c Ax + Bu is

weakly stabilizablc if  a r d  only if ti me “weakl y
If the scn tgr oup ‘1( t )  is similar to a contraction

unstable states ” of T(t )  are ( i r ~ :~ i ;~ it ely)
sonligroUp , using the notation s of Da f. 2 . 3  .

controllable , arid a r tabiliztng feedback is
W(T) is the weakly stable subspace

= — B~h’ , where P is the similarity op ’rator , as

. 4

______________ - ~~~~~~~~~~~~~~~ ~~ ~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~
_ _  

~~~~~~~~~~~~ — ~~~~~~



in Section 3. Using (~+ . 2 )  and ( L 4 • 3 ) , we get:

Vt  > 0 , vx c K
u
(S), S~’(t)x Tc (t)x.

Since Tc(t )x — 0 (weaJ~:ly) as t + + ~ by (4~ l~) , so
Let C be the controllable subspacc of (A ,B) , as cbes S°(t )x , and so dDes S(t)x, because W (S) =
defined above . Let W(Tc )’ be the weakly unstable W (S*), by (ii) of Theorem 2.1. Therefore,
subapace of T(t), as defined in Section 3. Then vx c K

u
(S) , S(t)x — 0 (weakly) as t - + °~ . Since

the theorem can be expressed as (A,B) is weakly K (s) is dense in H CS) (Theorem 2.1) , and
stabilizable <=> W(Tc)1 ~~C < > C ~ a W (Tc) 

M S t I I  < 1 , Then , for arty x in H (S), S(t)x — 0
(i) Necessi~~ (weakly) as t -~ + ~~, by the triangular ine~ua1ity.
Suppose there exists a bounded operator 1< such that This completes the proof.
A + BK generates a weakly stable semigroup S(t). b) T(t) is similar to a contraction semi~rouc
Than , let x c C1. By definition of C1, we have As in Remark 3.2 , we shall interpret T(t) as a
vt > 0 BaTa (t)x = 0. Therefore, frem (‘~.2), we contraction ser~igroup in H1, obtained by reforming
get vy c H ,(Tc (t)x,y) z (Sc(t)x ,y) (x,S(t)y) ~ H, with the equivalent inner product 

~
•
‘~~l 

defined
as t ~~ 

+ 
~~~, by assun >tion. Therefore T°(t)x — 0 by [x ,y]

1 
(Px ,Py) for any x and y . (P is defined

(weakly) as t + =~ x € W (Tc). SoC 1 c W (T°) in Section 3) .
Q.E.D. 

Next , the controllable states of (A,B) in H end in
(ii) Sufficiency 

H are the sara since the closure of t~o
R[T(t)3]

Assune C’ W(T°) . We will first prove the 
H and H,~ are equal because of the equivalence

sufficiency when T(t) is a contiuction grop 
of the two topologies. Noticing t it tho weakly

and show that the general case can be reduced to
unstable states of (A,B) also nsaacn invariant
i~ the renorining of the sca re , we can now opp1ya) TI! ~_~ _~~~�~: !2~_~~:L~a~~2: 
the preceding result to conclude that the semi-

Let K - B~ be the feedback gain. Then - BB° is 
group S(t ) generated by A — B~3~ (whore Bt is the

obviousl y a bounded dissipative operator , and by 
adjo int of B in H1

) is a weakly stable contraction(ii) of Lectra 4 .1 , A — BB~ generates a 
semigroup in H1. It is therefore weakly stable

semigroup S(t ) .  Then , app lying tfla Tnaor ein 2.1 to 
in H , and we can easily see that its generator is

S(t) , w-~ obtain a decmnpo sition of 1! 
A — BB0P , since B ’ is equal to BCP in H. Note

o r t c~~~ral subspaces He
(S) , reducing S(t )  to a 

tiiat s(t) in H , is also similar to a cont ra ction ,unitary group , and Honu
(S)

~ 
reduc ing s(t) to 

and the similarity operator is the sane as that of
c.n.u. ser~ groap , such that 

T(t)
vx c Honu

(S)
~ 

S(t )x — O  (weakly) a n t  -
~ + jTherefore, it only remains to prove tint S(t ) is Corollary 4.1:

weakly stable on Ha
(S) . Pefir e Ku

(S) as in If A has a cocçact rr~olvent , the conditions of
Theorria 2.1. Then, for any x in Ku

(S) c V(A) WC Theorem 4.1 are necessary arid sufficient fez the
have strong stabiliiebility of (A,B). In particular
vt > O,~~ I f s ~( t ) x l I 2 = ((Ac — BBc)So (t)x,Sc(t)x) + A — BB0? gon eza t ca a strong ly stable semigroup.
(S’(t )x , (A~ — BEP~)S°(t)x) Pnxf :
Since M and — axe dissipative , the above

- Ci) Necesnity: Follows from the fact that strongequation w~~1zen tint _________

~ t ‘ 0 ~ s~ t X  = ci. stability r >  weak stability.

But , by !ecri, ‘i .2 this implies that Vt BcT O (t )x o (ii)  S’sf ! ic i- no y : }‘rom (i i i)  of lLcaam 4 .2 , A - !~~~-i~

or equivalently x c  c1. So has a corpact resolvent P ( A , A — BB°P) ~~J

x K CS ) => x € C1 (~~3) 
generates a uniformly t~iu !cd scnd group S(t), which

But by assumption C’ c W (T~). Therefore is weakly stable by ~~~~r z . c i  4.1. Let be a

x c )(~(S) > x ~~W(Ta). (4•4) print in the z-enolvent set of A - BB°P. Then , for

_  _
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~~~~~ I
any x in 0(A) , ti~aw exist a y in Ii such that :< [4) N 11~l~~) , l1z i f ~an Asye~totic Stabil i ty of
R ( A Q ,A — B~ °P)y. E~vlutio:ctry Processes in a Banach Sia -~e ,
Then S(t )x  S( t ) R(A , A — 13B°P)y SIAM J. Math Ar.al., 3 No 3 (1972), pp 42 8~ tt z ,5.

A — BBcP)S(t)y [5) S. DOLECKI , A Class!ficaticn of CcntmllaLtllty
sinceY y € H ,S(t)y-.+ 0 (weakly) as t -

~ + ~~~, and Concepts for ’ Infinite-Dirs n:~.cnnl Lineax
since R ( A 0 , A — BE°?) is compact Systeua , Control C Cybermetics , No 2 ( 1976) .

Yx c 0(A) S(t )x -‘ 0 as t • + ~ . [ 6 ]  S. R. FOGUE L , Powers of a Contr iction in Hilbert
Since 0(A) is dense in H , arid I I S ( t ) ~ I < N , Space , Pac. J .  Math. 13 (1963) , Pp 551-b ’~2 .

Yx c H , S(t)x — 0 as t — + ~ Q .E.D.  [7) N. SLEM~ JI) , A Note on Complete Controllability

Corollary 4.2 .  and Stabilizability for Linear Control Systems
in filbert Space , SIAM J. Control , 12 , No 3

If A generates a compact sernigroup, the conditions (1974 ), 
~~~~
. 500—5 08 .

of Theorem 4.1 are necessary and sufficient for
[8] SZ. NAGY, Completely Continucus Cperators with

the exponential stabilizability of (A ,B) . In Uniformly Bounced Ite ra tes , keg. Tud . i~k~ d.
particular , A — BBcP generates an exponential ly Budapest. Mat. Kutato, m t .  Ki5zi, 4 (1959)
stable Sernigroup . 

pp. 89— 93.

Proof: [9) SZ. NAG? S FDI/tS, Analyse Harronique des

Necessity as before . Operateurs de 1’Espace de filbert , Macson £

Suff iciency follows fron the fact that for a Cie, Akademiai Kiado , Budapes t (1967).

compact sezrigrou~ ~-~-~ak Stability => Exponential [10] R. TRiGGLAPI , On the Stabilizability Problem

Stability. See [4). This corollary is also a in Banach Space, J. Math. Anal . Appl., 52

consequence of the sufficient condition proven in (1975) , pp . 383~ !t03 .

[10). [II] N.M . WuU~AM, On Pole Assip~z,v~rt in Multi—
Input Contro).lable Linear Systecs, IEEE Trans.

Remara 4.1 
Autorrutic Control , AC12, No 6 (19 67) , pp. 660—665.
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